Results on the associated Jacobi and Gegenbauer polynomials  by Lewanowicz, Stanisław
Journal of Computational and Applied Mathematics 49 (1993) 137-143 
North-Holland 
137 
CAM 1425 
Results on the associated Jacobi 
and Gegenbauer polynomials * 
StanisIaw Lewanowicz 
Institute of Computer Science, University of Wroctaw, Poland 
Received 17 January 1992 
Revised 20 May 1992 
Abstract 
Lewanowicz, S., Results on the associated Jacobi and Gegenbauer polynomials, Journal of Computational and 
Applied Mathematics 49 (1993) 137-143. 
Recurrence relations for the coefficients of the Jacobi polynomial form of the associated Jacobi polynomials 
PL@)(x; c) are given. For certain values of (Y, p, explicit formulae for these coefficients are obtained. In 
particular, the classical Watson formula for the first associated Gegenbauer polynomials is generalized. 
Keywords: Associated Jacobi polynomials; associated Gegenbauer polynomials; Jacobi coefficients; recurrence 
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1. Introduction 
The associated Jacobi polynomials P,, (“l@)( *; c) are the polynomials obeying the recurrence 
relation [ll] 
2(n + c + l)(n + c + A)(2n + 2c + A - l)P,‘Yf3’(x; c) 
= [(2n + 2c + h - 1),x + (a2 +*)(2n + 2c hq]P,‘“,P’(x; c) 
-2(n+c+cx)(n+c+~)(2n+2c+A+1)P,(~~)(x; c), n=O, l,..., (1) 
with the initial values 
Pl_“;P’(. ; c) = 0, Ppq.; c) = 1. 
Here c is a real nonnegative number, A := a + p + 1, and (a), is the Pochhammer symbol 
defined by (a), := 1, (a), := a(a + 1) + . . (a + k - l), k 2 1. 
Note that for c = 1 the polynomials are a constant multiple of the so-called first associated 
polynomials (or numerator polynomials) of the Jacobi polynomials, discussed in [4,5]. 
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Wimp [ll] gave the following power form for F’n(@)(. ; c): 
n! (h + 2c)z, 
F$Q)(x; c) = (-1)” (* +c)n(c + I\ (2) 
c(“,p):= (-c-n)k(-P-c-n)k 
nk k!(l-A-k-2+ 
\, 7 i -k, 2n +A +2c-k, p+c, c 
X4P3\.-k+c+1,n-k+c+/3+l,h+2c-1 Ii 
1 k=O, l,..., ~1. (3) 
(We employ the notation of [3] for the special functions.) It is doubtful that the above 4F3(1) 
can be expressed in a simpler form, even in the special case (Y = p, connected with the 
associated Gegenbauer polynomials (see [12]). 
On the other hand, we will show that the coefficients of the Jacobi polynomial form 
pqx; c) = (- 1)” (;:;)+(2;;) n (4) 
can be given in terms of ratios of gamma functions, provided one of the following conditions 
holds: 
a=P, (5) 
a=; or p=+. (6) 
A general formula for b,$P’ can be obtained by inserting the expansion 
{+(I +g}” = jto ml (c;+_;.; il+ri?’ +*) pi’“‘~‘(X) 
m+l 
(see [S, Section 11.3.41) into (2). We obtain 
bi*,,P’ = (- 1) 
,(-p-n),(2n-2k+A) 
k!(n-k+A),+, 
k=O,l,..., n, 
the notation used being that of (3). 
(7) 
2. Recurrence relations for ZP!$~’ 
The above-mentioned explicit forms for the coefficients bATP) are obtained with the aid of 
the following theorem. 
Theorem 1. (i) The coefficients b,k (@) obey the second-order recurrence relation 
A,(k)b~,$, +Al(k)b~*k,P’+A2(k)b~~~;P-‘1 =O, k=O, l,...,n - 1, (8) 
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where 
A,(k) := (k + 1)(2n - k + l)(n - k + A - 1),(2n - 2k + A + l),(k + A + 2c - 1) 
x(2n-k+A+2c-l), 
x ( (k + 1)(2n -k + A + l)[(n + A)@ f 2) + 3(n - k)(n - k + A)] 
+2(c-1)(n+A+c)[2(n-k)(n-k+A)+2(n+1)’+h-1]), 
A,(k):= -(k-A+l)(n-k+a+l)(n-k+++l)(k+2c-1) 
x (2n - k + A + 1)(2n - 2k + A - 2),(2n - k + 2A + 2c - 1). 
The initial values are 
(ii) In case condition (6) holds, b,!$@’ satisfj the first-order recurrence relation 
B,(k)b~,P)+Bl(k)b~~P)l = 0, k = 1, 2 ,..., n, 
with the initial value b,($,P’ given in (91, where 
B,(k):=k(n-k+A)(2n-2k+A+2)(2n-k+2)(k+A+2c-2) 
X(2n-k+A+2c), 
B,(k):=a(k-A+l)(n-k+5)(2n-k+A+1)(2n-2k+A)(k+2c-l) 
X(2n-k+2A+2c-1). 
Herea=lwhencx=~,anda=-lwhenp=i. 
(9) 
(10) 
Proof. Wimp [ll] observed that f = P,, (a,P)( *; c) satisfies a fourth-order differential equation 
qc)f(x) = ; p&x; c)D’f(x) = 0, (11) 
i=o 
where D := d/dx, and the coefficients ~Jx; c) are polynomials in X. In the cited reference, 
computer algebra was used to obtain these polynomials explicitly. Equation (11) was later 
recovered in [l] by application of a more general result. 
Interestingly, the operator Pi’) can be written as 
Pi’) = aDi’) - 4(c - l)(n + A + c)U, 
where 
8:=(~~-l)lD~+3xED--n(n+2)0, O:=DO. 
An explicit formula for Pi’) may be obtained using results of [lo]. We have 
pin = QP”’ 
2 7 
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where 
IQ := (X’ - 1)D2+ [(A +3)x + (Y - p]lD - n(n + A + 2)0, 
lP$i) := (X” - 1)uP - [(A - 3)X + (Y - P]D - (?z + A)(n + 2)O. 
In [7] (see also [6]) we have described a method for constructing recurrence relations for the 
coefficients of the Jacobi series solutions of a linear ordinary differential equation with 
polynomial coefficients. The application of the method to the considered solution of (11) gives 
the theorem. (We omit the details; see [7] for the full discussion related to the case c = 1.1 q 
Remark 2. For c = 1 the recurrence relations (8) and (10) were obtained in [7]. 
3. Explicit formulae 
Now, in both cases (5) and (6) Theorem 1 provides a sufficiently simple recurrence which 
yields an explicit form for b,, (Ly,P). First, we have the following theorem. 
Theorem 3. If a, p sati& condition (6), then we have 
(2n - 2k + A)(2 - h),42c),42 - 2A - 2c - 244 -; - IZ)~ 
b’“,‘P’=Tkk!(-1-2n),(A+2c-1),(1-A-2c-2n),(A+n-k),+~’ 
(12) 
where T = - 1 when cy = $, and r = 1 when p = i. 
Proof. It can be readily verified that b,, (a,p) defined by (12) satisfies the first-order recurrence 
relation (10) and the first initial condition of (9). 0 
Remark 4. For c = 1, equation (12) reduces to the form given in [7]. 
Let us discuss the case (5). The associated Gegenbauer (or ultraspherical) polynomials 
C,Y( ‘; cl, defined by 
C,y(x; c) := 
(2r + 4 pcY-l/2~Y-1/2yx; c), 
(y+c+3), n (13) 
satisfy the recurrence relation 
with 
(n + c + l)C,Y+i(x; c) - 2(n + y + c)xC,Y(x; c) + (n + 27~ + c - l)CJ_r(x; c) = 0, 
12 =O, l,..., 
CYr(x; c) = 0, C,y(x; c) = 1, 
cf. (1). They were studied in [2]. 
An explicit formula for C,Y(x; c> follows from (2) for Q = p = y - 4, using (13) (see [12]). In 
the cited reference some other explicit formulae are given in terms of the Chebyshev 
polynomials T,, and U,. These formulae contain terminating hypergeometric sums of the type 
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4F3(1). For c = 1 the following elegant formula was given by Watson (see, e.g., [3, Vol. 1, 
Section 3.15.21; Paszkowski [9] gave a new proof of this formula): 
qx; 1) = c In’*] (n + Y - Wl - Y)& + 2~ - k + l>k c,y_2k(x) 
k=O (n + 1 -‘%+r(Y)k+r 
The next theorem gives a generalization of Watson’s result. We have been unable to find this 
theorem in the literature and therefore believe it to be new. 
Theorem 5. 
C,‘(x; c) = 
n! (Y + c>n 
(YL+dC + l>n 
xc 
‘n’21 (n + Y - 2k)(l - Y)k( -n - Y)k(C)k(l -II - 2?’ - 2c)k c,y_2k(x). 
k=O k!(-+(y+c),(l-?t-y-c)k 
Proof. Putting cx = /3 = y - i in (4) and using (13) (which is valid also for c = 0), we obtain 
(15) 
where 
gY := 
nk 
(2y+n -k)~-Qp2,Y--1,2) 
(d-k 
By the symmetry property 
C,y(-x; ~)=(-l)~c@; c), k=O, l,..., ~20, 
we have 
g,y,,&r =O, k= 1, 2 ,..., [$I. (16) 
By virtue of the first part of Theorem 1, the coefficients g,,$k obey the first-order recurrence 
relation 
k(n -k + l)(n - 2k + y + 2)(k + y + c - l)(n -k + y + c)g,y,,, 
-(n-2k+y)(k-y)(n-k+y+l)(k+c-l)(n-k+2y+2c)g,Yak_,=O, 
k=l,2 ,..., [$I, 
with the initial value 
Hence, 
gy 
@ + Y - 2k)(l - Y)k( -I2 - Y)k(C)k(l - n - 27 - EC), 
n,2k = 
(Y),+rk!(-+(Y +c)k(l -n -Y-c), ’ 
k = 0, l,..., [&I. 
Putting the above form and (16) into (15), formula (14) follows. q 
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4. Some identities 
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Let us introduce the notation 
m 
S,(m, ff, P> := c 
(-m)&-? - 2n - h)J -c - ll)k( -p - c - + 
k=O (-yt)k( -p - n)k k! (1 -A - 2c - 2n), 
x,F, 
i 
-k,2n+A+2c-k,fi+c,c 
n-k+c+l,n-k+c+p+l,A+2c-1 I1 
1 2 
m=O, 1 ,***, y1. 
As a simple consequence of Theorems 3 and 5 we obtain the following corollary. 
Corollary 6. (i) Let (Y = 4 or p = 3. Then we have 
S,(m, a, P) =crn 
(2 - A),(2c),(2 - 2A - 2c - 2n),( - ; - n), 
(-P-n),(-l-2n),(A+2c-l),(l-A-2n-2~),’ 
m=o, l)...) It, 
whereu=lwhena=i,anda=-lwhenp=i. 
(ii) We have 
S,(2k-l,y-&y-+)=0, k=1,2 ,..., [$I, 
(17) 
(18) 
S,(2k, y - 3, y - +) = 
(+)k(c)k(l - Y)k(l - n -c - 2-dk 
(-n)k(C+Y)k(l-n-cC-_Y)k(~-Y-n)k’ 
k=O, l,..., [in]. 
Proof. A comparison of the formulae (7) and (12) yields the identity (17). 
Identities (18) and (19) follow from (41, (7) (with (Y = p = y - :I, (13) and (14). 0 
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